In this Letter numerical evidence for a new period-doubling mechanism in free shear flows is presented. As a case study, the three-dimensional flow in the wake of an infinitely long circular cylinder at Reynolds number 300 is considered. It is shown that the flow in the wake doubles its period of oscillation by alternating between oscillation modes, which are identical in every respect, except from their spanwise structure. There is no merging of vortices, and the flow preserves its basic vortex-street structure.
Period-doubling is a generic route of transition from simple periodic to chaotic motion for nonlinear dynamical systems,' which obeys universal scaling laws. ' In tluidmechanical systems, period doubling is one possible path of transition to turbulence.' Detailed experimental investigations have established that the Taylor-Couette flow3 and the Rayleigh-Benard convection" undergo transition to turbulence following a cascade of period-doubling bifurcations, and have confirmed that the cascade follows the universal scaling laws. Little is known, however, about the fluid-mechanical phenomena associated with the perioddoubling cascades reported in Refs. 3 and 4. In fact it appears that, although the period-doubling scenario is universal, the fluid mechanics through which the period doublings are manifested can be quite different in different flows. In free shear flows on the other hand, the occurrence of period doubling has a very specific physical meaning, as it is associated with a subharmonic instability mechanism. (The simplest model for the latter is the instability of a single row of vortices.5) In the mixing layer between two unequal streams, for instance, experiments6 and computations7" have shown that the growth of the subharmonic instability induces merging of the large-scale spanwise vortices in the flow. More recently, Huang and Ho,~ have shown that additional mergings of spanwise and streamwise vorticity structures can generate random smallscale motions. In free shear flows period doubling has thus become almost synonymous (possibly through extrapolation from the mixing layer) with the merging of spanwise vortices in physical space.
In this Letter, we provide evidence through direct numerical simulation of the Navier-Stokes equations for a new period-doubling mechanism in free shear flows, which does not involve the merging of vortices. We demonstrate the mechanism here for the three-dimensional flow in the wake behind a two-dimensional circular cylinder, but we believe that in principle the mechanism is potentially feasible for any nominally two-dimensional flow which has acquired spanwise modulations. The present Letter clarifies the findings of a previous numerical study" about the transition process in the wake of a circular cylinder. In Ref. 10 the three-dimensional flow past a two-dimensional cylinder was simulated numerically. The boundary conditions for the simulation were (a) an inflow condition at the upstream end of the domain and outflow condition at the downstream end of the domain; (b) a periodicity condition at the sides (in other words the flow past an infinite array of cylinders is simulated); and (c) a periodicity condition was imposed along the span with an assumed wavelength. It was found that the wake becomes three-dimensional at a Reynolds number of about 200 owing to a secondary instability of the basic two-dimensional vortex street. In the Reynolds number range 200-300 the flow was found to be periodic in time. Then at a Reynolds number around 300 the period of the flow doubled. Further increases of the Reynolds number resulted in a cascade of period dou- blings; at a Reynolds number of 500 the flow became chaotic. The fluid mechanics of the first period doubling are totally different from those observed in the mixing layer; the most obvious difference is the absence of vortex merging. Instead, the period of the cylinder flow doubles because the flow alternates between two different oscillation modes.
A simple way to explain this mechanism is as follows. After the onset of the secondary instability of the twodimensional vortex street, which occurs at a Reynolds number around 200, the time-averaged flow in the wake acquires a modulation along the span." Based in part on a linear stability argument it can be argued"." that there are two possible oscillation modes around a time-averaged flow that is modulated along the span [resulting from the saturation of two instability modes), say mode (a), and (b) (see sketch in Fig. 1 ) . The only difference between modes (a) and (b) is their spanwise structure. In fact, mode (b) is identical with mode (a) shifted by half its wavelength, and vice versa. The flow can therefore double its period by continuously alternating between the two oscillation modes, without the need for vortex merging.
In order to test the validity of this explanation, we repeated the computations of Ref. 10 using a hybrid spectral element Fourier code. I2 The new code employs Fourier modes in the spanwise direction (instead of Legendre polynomials as in Ref. lo), and has increased resolution inside each element. The new finer resolution computations fully confirm the proposed theoretical scenario. Moreover, improved graphics capabilities allowed a clear flow visualization of the period-doubling process. A definitive way to test the validity of the theoretical scenario for the period doubling is as follows. If the flow indeed alternates between two modes, then visualization of some flow quantity in the wake at any two instants one Strouhal period apart should show two different spanwise structures corresponding to the two modes (a) and (b); likewise, visualization of the same flow quantity at any two instants two Strouhal periods apart should show the same spanwise structure. Differences in the spanwise structure are most readily detected for a flow quantity whose average along the span is zero, and this is shown in Fig. 2 . Thus in Fig. 2 (a) (top part of plate 1) we present color plots of the values of the vertical (perpendicular to flow direction and the cylinder axis) vorticity component along the centerplane of the wake at three instants in time:
The first at time t (arbitrarily chosen); the second at time t+T, where T is the Strouhal period; and the third at t+2T.
By comparing the three plots we see that at the second instant the plot looks identical to that of the first instant shifted by half its spanwise wavelength. There are several characteristic shapes 'in the figure that are especially easy to identify as having been shifted by half the wavelength (because of the periodicity condition and zero mean flow along the span the direction of the shift is immaterial). The shifting occurs all along the wake, even for the smallest details that can be detected on the color plot, like for instance the small red and green structures in the far wake. One can also easily confirm that the plot at the third instant is the same as that of the second instant shifted by half its wavelength, and is thus identical with the plot at the first instant. The Bow alternates between two different modes, in agreement with the argument given above. It should be emphasized, however, that the flow alternates between the two modes in a continuous manner. Thus if a different first instant is chosen initially, say t,, the flow structures will be different than those in Fig. 2( al) ; likewise, the plots at the instants (ti+ T) and (ti +2T) will also be different than those in Figs. 2 (a2) and 2(a3), respectively. The plot at (t, + T) will still, however, be the same as the one at tl, shifted by half its spanwise wavelength, and the plot at the instant (tl +2T) will be identical to the one at t,.
In Fig. 2 (b) (bottom part of plate 1) we show a side view of contours of the spanwise vorticity component at time instants tl and (t, + T) as in Fig. 2(a) , which clearly show that, unlike the mixing layer, there is no merging of the vortices with the. same sign. In fact, at first sight it appears as if the same vortex-street structure is present at both instants. Closer inspection of the two figures reveals, however, that some details that are present at the first instant are missing from the second (and vice-versa) . For example, a small "dent" which appears close to the intersection of the white shed vortex with the centerline of the wake in the first figure is not present in the second figure. The "dent" reappears at time (t, + T) (not shown because of lack of space). Thus the alternating flow states can also be detected in the spanwise vorticity component, although not as readily as for the vertical vorticity component shown in Fig. 2 (a) . " In conclusion, our numerical flow visualization study shows that period-doubling bifurcations can occur in nom-2 inally two-dimensional free shear flows modulated along their span, because of the presence of two different oscillation modes. An important fluid-mechanical feature of this bifurcation is that it leads to a 2T-periodic flow with a basic streamwise spatial structure similar to the one existing before the bifurcation [as evidenced by the visualizations of Fig. 2(b) ]. This period-doubling mechanism, characterized by the fact that the flow alternates between two equally likely modes, has not been observed befqre in free shear flows. To our knowledge, the only indirect experimental confirmation of the proposed mechanism can be found in the recent work of Nuzzi et al.,r3 who reported period doubling in the wake of an oscillating cylinder with a nonuniform cross section. Interestingly, even though the physical problem considered by Nuzzi et al. t3 is quite different that the problem considered here, their flow visualization shows the switching between modes with different spanwise structures, in qualitative agreement with the proposed period-doubling mechanism. We cannot currently provide a more detailed characterization of this perioddoubling mechanism; that can be the subject of future studies, possibly through the aid of bifurcation theory. '" 1331 Phys. Fluids A, Vol. 4, No. 7, July 1992
